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Solution

1. Method 1: Deriving the governing EOM using EL equations
The potential energy:

V=%kx,z+%kxf+kfx4—x3)z—mgx, —mgxz—%mgx3—6mgx4 (1)

The kinetic energy:
T=%m5c,2+%m5c§+%mx32+3micf+mé,z +mé; ()

Rayleigh function:
D= %cxf " %c:'c; +5c2 3)

Substituting the kinematic conditions:

V =18k6] + %kxf —8kx,0, —11mg6, — 6mgx,

T =20mé} +3mx; 4)
D =4c6} +5cx?
Employing EL equations

L=T-V

9L =-36k0, + 8kx, +11mg, L = —Skx, +8k6, + 6mg

06, ox,

4oL, =40mé),, £ % =6m,%,

dt| 86 dr | o%,

e 8¢6,, f—P =10c,

06, ox,

The governing equations are

40m@, +8c6, + 36k6, —8kx, —11mg =T )
6m3, +10cx, + Skx, —8k6, —6mg = F

2. To find the equilibrium point we set 6, =6, =%, =x, = F =T =0 to the equation of motion

36k6, —8kx, —11mg =0 ©)
Skx, —8k6, —6mg =0

Solving the two equations leads to the following:

(6,,x,} ={M,76ﬂ}={o.smﬂ[md],2.6zo7i"£[m]} ()
= | 116k ~ 29k k k

3. To compute the transfer function we employ a Laplace transform the equations of motion
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(40ms” +8cs +36k)©, —8kX, =T = = T2+8kX‘
40ms” + 8cs + 36k
(6ms” +10cs +5k) X, —8k©, = F
(6ms2 +10cs+5k)(40ms2 -1—80s+36k)—64k2 g 8k .
=F+
40ms’ +8cs + 36k i 40ms® +8cs + 36k
Therefore, the first transfer function is:
X 8k
G (s)=4= (8)

T (6ms +10cs + 5k)(40ms? +8cs + 36k ) — 64k

And the second transfer function is:

R 40ms’ +8cs® + 36ks )
F (6ms” +10cs + 5k)(40ms® +8cs + 36k ) - 64k’
4. Rearranging transfer function to the standard from:
G(s)= 1/20 (10)

s2+5+625)(s® +368s + 52900
( ) )

Now, we can find the poles of the transfer function, or directly the natural frequencies and damping
coefficients:

o, =625 =25rad/s, ¢ =316 =0.02

(11)
@, =+/52900 =230rad/s, ¢, =§-6—8 =0.8
h © 460
For the first frggpency, we should expect a resonance peak and for the second not (>0.707), therefore, the
~ correct plot is@
e ) For the input torque at 7000 rad/s the expected phase for x, should be close to -2, because the system has

two sets of conjugate poles at 25 rad/s and 230 rad/s, and each adds a phase shift of —z. But the question is
about x,, and the time derivative adds 7/2 to the phase, so the total phase shift is expected to b@\

~2 %0

Page 4



| adéfhbn 2_

(*/‘3)0’\
2 s %
Tl
. i Z'2+€Léz+2ﬁi6‘(CosﬁCOSQf-gi/)ﬁ SinG )
Laﬂl'ﬁﬂf}'i“h f

| = Amz? + 1 m (7’. 2 et (46 cos (9+(5.')),Lm6-z sinp +
k= L " A
mg (zsinp+ {cos &)

’Eqdaﬁ\n\; o* yv\o{’io,,
(tm ) Z + mL <@ cos(eﬂs)—é”sﬁn(gm)) = (M+m)95mp
JZ,@ +7Z (o5 (9{'?) = -9 sin &

2) Equlibrivm p° o R _8="0
Eq(1) 7 = 951/1[3 (erfh')
Ec‘(l) , ﬂsinpco>(9~{—p) :,9§iy\@~
JCQV\Q:——%M’\(,L 97—’(5 i 4 6 =0 pg
vnsteble



Pr’ob(ﬁW‘g

LY ph)
A (T + p ol
1) Gls)z asii Luzta 2 Loy
(T'),SM)(T;&H)(IVS*H) ( +! lonus )
h= 3 (1 l"”
(3pr2) (2D
eiﬁ::*d all dh’f\vtf’ 0‘“ (We"M
3ph

onL Cmplart Con)n ‘)"‘h



ProblﬁM L"

a) 2
66 - S T e p—
S pt
-9 .
= +"Z‘ ek
' zt&-t' ’Le'{—)i((')
_ s (- U
b) c (4pt) g t=T %(T,):O/éJK
1(/‘]1(53: t:ZT %(3‘[’):0’@Sk
106 +1 e Eol
(4pe) 4 o 1GGwI=E
(gal5) s —= Ty e frequency 0% T
* S_H_e K:Z.O
6.15+1
SRV N = il
oy = g =
(2 ) ke -
lok . Yis) 1 wm/\w
R R V)z— Y 2
. $+10 GH )
\) ilpt
Pmalogt y ()= 2oot Y Ay
/é*f,’\ (3 pa “'5)
kA
i ™|
..



i (3,"”5
) T Wa Pk ?_\ )

'kSm Zﬁ

im
P
P
7
/

¢) ne rejopdnce ph)

b) (V) same (3ph)

({1 dipemt (3r6) Dt (oph)
hovl? - lyonvs (?’Fh) ;




